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An analysis and applications of the waue model for longitudinal dispersion are pre- 
sented. Asymptotic forms of the waue model are considered and analytical solutions of 
typical linear stationary and nonstationary problems of chemical reactor engineering 
interest are obtained and compared to those for the Fickian dispersion model. The waue 
model leads to efficient analytical solutions for linearproblems, which in principle difSer 
from the solutions of the Fickian dispersion model; only for slowly ualying concentra- 
tion fields do the solutions of both models approach each other. Spatial and time mo- 
ments of the concentration distribution are obtained for pulse-dispersion problems; the 
first three spatial moments of the mean, uariance, and skewness have exact, large-time 
asymptotic forms in the case of Taylor dispersion. Old experiments that could not be 
explained with the standard dispersion model are reconsidered and explained: the change 
with time of the uariance of a concentration pulse when the jlow direction is reuersed 
and the difference in values of the apparent axial dispersion coefficient and the back- 
mixing coefficient in a rotating disk contactor. The experimental determination of model 
parameters is discussed. 

Introduction 
Many processes of interest in chemical engineering are an- 

alyzed in terms of transport equations for concentrations that 
are in some way averaged or in terms of what are referred to 
as dispersion equations. For mass- or heat-dispersion fluxes 
simple gradient laws like Fick’s law for diffusion are com- 
monly used. The most widespread model is the one-dimen- 
sional dispersed-plug-flow model or standard dispersion 
model (SDM) for a concentration averaged over the cross 
section to the flow. The shortcomings of this model are well 
known (see Westerterp et al., 1995). In the cited article the 
mathematical description of the way in which substances are 
dispersed along a channel, through which fluid flows in steady 
motion, has been reconsidered. As an alternative to the Fick- 
ian-type dispersion model and on the basis of two different 
approaches, a hyperbolic system of two first-order equations 
for the average concentration c and the dispersion flux j was 
obtained: 

dc dc d j  
- + u- + - + q ( c , x , t )  = 0 
d t  a x  a x  

where De, 7, and u, are the parameters of the wave model 
(see Westerterp et al., 1995). For a first-order chemical reac- 
tion with a position-independent rate constant, Eqs. 1 and 2 
become one second-order hyperbolic equation 

d 2C d 2C d 2C 
2 +(2u + up)  __ + ( u 2  + uu, - D,/T)? 
d t  d x d t  dX 
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standing of the mechanisms responsible for the characteris- 
tics of longitudinal dispersion phenomena. 

The question arises: What does the application of the wave 
model give from a practical point of view and how does it 
interrelate to the SDM? There have been a number of pa- 
pers setting up similar, mostly heuristic, models that are rarely 
compared with experiments. Therefore the general proper- 
ties of the wave model and its potential benefits are treated 
here. The wave model will also be applied to several prob- 
lems of interest to the chemical reactor or process engineer- 
ing in order to demonstrate the essential advantages of the 
wave model over the SDM. 

The asymptotic forms of the wave model and the condi- 
tions under which plug flow and ideal mixing are attained are 
considered. The analytical solutions of the linear stationary 
problem and the solutions of two nonstationary problems with 
an initial concentration pulse specified at some moment of 
time and at some point are obtained and compared with those 
of the Fickian dispersion model. For the linear problem the 
analytical solutions of the equations are as simple as for the 
Fickian dispersion model. The solutions differ fundamen- 
tally; only in slowly varying concentration fields are both 
models close to each other. Spatial and time moments of the 
concentration distribution are obtained; the first three spatial 
moments-mean, variance, and skewness-have exact long- 
term asymptotic forms in the case of Taylor dispersion. Two 
experimental studies are considered that cannot be explained 
with the SDM: the change over time of the variance of a 
concentration pulse, when the flow direction is reversed, and 
the difference in values of the apparent axial dispersion coef- 
ficient and the backmixing coefficient in a rotating disk con- 
tactor. 

Asymptotic Forms of the Wave Model 
For an analysis of the asymptotic forms of the wave model 

it is expedient to rewrite Eqs. 1 and 2 in dimensionless form: 

d'C dC d J  
- + - + - + Q ( C ,  0,x)  = 0 
d o  ax ax (4 )  

d J  d J  dC 
( P  + Q',J + - + (1 + u:) - == - D,* - 

ae dX ax (5) 

where 

and prime denotes derivative to the dimensionless concentra- 
tion Q' = dQ/dC and cch is the characteristic concentration. 
To be able to evaluate the relative contribution of each term 
in Eqs. 4 and 5 ,  the characteristic time of the process tCh 
must characterize the time of concentration changes. It de- 
pends, of course, on the problem under consideration. For 
example, for the stationary process in a chemical reactor it is 
the characteristic time of the chemical reaction; for a nonsta- 

tionary tracer propagation it is the average residence time; 
and for steady periodic processes it is the cycle period. 

From Eqs. 4 and 5 it follows that the dispersion flux can be 
neglected when the characteristic time teh is much larger than 
the relaxation time T or P > 1: the wave model transforms 
into the plug-flow model: 

ac ac 
- + - + Q ( C , X ,  e l =  0. 
de ax 

In the opposite case of P .+ 0 we will restrict ourselves to the 
linear problem, assuming first-order kinetics with q = kc 
where k is constant. We do so to avoid the difficulties in 
representing the consumption rate q through the average 
concentration c. In this limiting case Eqs. 4 and 5 transform 
into 

+ Du( 2 + U :  ) a~ ac + Da2 C = 0 

where Du = kt,, is the Damkohler number. This equation can 
be reduced to 

by substituting C = Yexp(- DUO). Introducing new variables 
w , = X - u T O  and w 2 = X - u T 0 ,  we arrive at the normal 
form of the hyperbolic equation 

where uT,* = 1 +(u:/2)(1F 41 + ~ D , * / u : ~ )  are thc dimen- 
sionless wave velocities. From this equation it follows that 
the most general solution of the problem under consideration 
is in the form of the sum of two waves that are damped by 
the chemical reaction: 

where f, and f 2  can be any functions of w ,  and w2, respec- 
tively. The obtained equation and its solution show that in 
the limiting case teh T the wave model corresponds to a 
linear combination of two plug-flow models with velocities 
equal to the wave velocities. 

The wave model also transforms into the plug-flow model 
for sufficiently small values of the parameter of velocity 
asymmetry uz and the dispersion coefficient D,* at fixed val- 
ues of P. Actually from the definition of these parameters 
(see Westerterp et al., 1995) it follows that D,* -+ 0 and ug 
+ 0 when, as expected, the dispersion velocities of the longi- 
tudinal mixing process, or the wave velocities in a coordinate 
system moving with the average velocity, approach zero. This 
means the longitudinal velocity distribution approaches a 
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uniform velocity profile. In this case the initial and boundary 
values of the dispersion flux are equal to zero, and the dis- 
persion flux is always equal to zero due to Eq. 5. In the oppo- 
site case of large values of D,* and fixed values of uz we may 
expect ideal mixing conditions. Note that in the general case 
the parameters of the wave model can have arbitrary values. 
But such a situation is impossible for Taylor dispersion in a 
unidirectional flow system, because longitudinal and trans- 
verse mixing are interrelated and the longitudinal dispersion 
coefficient D,* cannot exceed the value of 1 + ii; in this case 
(Westerterp et al., 1995). The more general problem of inde- 
pendent longitudinal and transverse mixing-similar to the 
generalization of Taylor’s theory made by h i s  (1956)-must 
be considered if we desire to obtain the ideal mixing model 
as a limit in this case. 

Relaxation of the Dispersion Flux 
To study the properties of the wave model let us assume 

that the local concentration in a vessel does not depend on 
the longitudinal coordinate x, but does depend on the trans- 
verse coordinate. If we are interested in the phenomena in 
the central part of a sufficiently long reactor where the effect 
of the boundaries is insignificant, it is possible to consider. 
the problem for an infinite region with initial conditions only. 
For this case the initial conditions are 

t = O  c = c i n r  j =  jin, 

and these initial values of the concentration and the disper- 
sion flux are independent of the longitudinal coordinate x. 
The solution of Eqs. 1 and 2 for the case of no reaction is 

c = tin, j = jine-qr. 

This simple example shows that in contrast to SDM the dis- 
persion flux is a variable independent of the concentration 
and that the relaxation time T characterizes how quickly the 
system approaches the steady state. 

Apparatus with Dispersion and Reaction in the 
Steady State 

A good understanding of many of the issues involved can 
be developed from the study of linear problems. Accordingly, 
we start with a first-order irreversible chemical reaction and 
unidirectional flow. For that case, solutions for different ini- 
tial and boundary conditions can be obtained analytically. The 
equation for the average concentration in the stationary state 
can conveniently be written in dimensionless form as 

d2C dC 
dX dX C U ( ~ + U :  - D , * ) Y + ( ~ + ~ C ~ + ( Y U : ) -  

+ ( l+  a)C=O (6) 

with the boundary conditions: 

X = O ,  c=p, 

where X = x/(ut , , )  = kx/u,  a = k r ,  /3 = co/cho,  and cbo is 
the bulk average concentration in the inlet stream; the char- 
acteristic time in this casc is t r l t  = l/k. The dimensionless dis- 
persion flux at the reactor inlet is equal to J = j l l / ( u c h l ~ )  = 1 
- /3, so the value of P characterizes the nonuniformity of the 
transverse concentration distribution at the reactor inlet. For 
a uniform concentration distribution at the inlet p = 1. 

The bulk average concentration cb = (cu + j ) / u ,  in dimen- 
sionless form cb = cb/cb(), also obeys Eq. 6, but with differ- 
ent boundary conditions: 

The SDM in the chosen variables has the form: 

(9) 

The essential difference between the wave model and SDM 
is obvious. In the case of unidirectional flow the coefficients 
of the first and second derivatives in Eq. 6 are of the same 
sign, and both boundary conditions for this equation are set 
up at the inlet of the reactor, whereas in Eq. 9 the signs of 
these coefficients are opposed to each other. Moreover, the 
wave model does not contain the length of the reactor, the 
SDM does so in X,-. This fundamental difference is impor- 
tant from the physical point of view, and from the mathemat- 
ical point of view it becomes very important for nonlinear 
problems as well a5 for multivariable linear problems, where 
a numerical solution is necessary. 

It is interesting to compare the solutions of the wave model 
and the SDM for the problem considered. The solution of 
Eq. 6 with boundary conditions, Eq. 7,  is 

where y ,  and y 2  are the roots of the equation 

The distribution of the bulk average concentration along the 
reactor has the same form: 

The solution of Eq. 9 with the boundary conditions, Eq. 10, is 
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Figure 1. 

where 

0 '  
0 1 2 3 4 x  5 

Concentration profiles for a first-order reac- 
tion calculated with the wave model and the 
standard dispersion model. 
Modcl parameters: 0: = 5/16, u: = 1/4, a = 5 .  

The bulk average concentration for the SDM is expressed 
through the area average concentration by the equation 

(14) 

The qualitative difference of the concentration distributions 
given by the wave model and the SDM for reactors of two 
different lengths is shown in Figure 1. The values of the pa- 
rameters chosen for the calculations of D,* = 5/16 and uz = 
1/4 correspond to the well-developed laminar flow in a 
straight round tube. 

The solutions of the wave model and the SDM are consid- 
ered below for limiting values of the dimensionless chemical 
reaction rate a.  For practical purposes the values of interest 
of X do not exceed 6 to 8, and therefore all asymptotic solu- 
tions below are given for the case when X is bounded. For a 
low reaction rate ( a  + 0) and fixed finite values of the model 
parameters it is easy to show that for a uniform concentra- 
tion at the reactor inlet ( p  = 1) both models give the same 
results as the plug-flow model: 

For a nonuniform inlet concentration distribution, the solu- 
tions of the two models also coincide except for a narrow 
region close to the inlet. 

For fast reaction rates ( a  +a) the solutions are deter- 
mined by Eqs. 11 to 14 with y ,  = - l /u; ,  y2 = - l/uT, A = 
[(uf + u t ) p  - l]/(uT u;) ,  and 81,2 = k(aD,*)-'fl .  In this 
limiting case the SDM gives the following results, showing an 
incredible concentration dependence on the reactor length 
x, : 

c, = - 
l + X L  

.~ c,, = 1 - -. 
l + X ,  

Note that for a reactor of semiinfinite length where X ,  -+m 
we have c, + 0 and cbs + 1. The corresponding solutions of 
the wave model for an inlet concentration distribution that is 
uniform over the cross section ( p = 1) are 

Equations 15 and 16 show that for high reaction rates the 
wave-model limit corresponds to a combination of two plug- 
flow models with velocities equal to the wave velocities. These 
solutions differ noticeably from the ones for the SDM. 

Analytical Solutions of the Wave Model for a Pulse 
Injection 

For linear problems, analytical solutions of Eqs. 1 and 2, 
can be obtained for various initial and boundary conditions 
by standard methods, using, for instance, integral forms of 
solution (see Tikhonov and Samarskii, 1963) or Laplace 
transforms (see Aris and Amundson, 1973). Two of the typi- 
cal pulse-response problems are presented below. For the 
sake of simplicity the component consumption rate q is as- 
sumed to be equal to zero, although for a first-order chemi- 
cal reaction this does not influence the complexity of the so- 
lution. This can be seen after substituting u exp( - k t )  for c 
in Eq. 3 and in the initial and boundary conditions, which 
reduces Eq. 3 to an equation for u without the reaction term. 

Initial spatial distribution 
First consider the solution for an amount M of material, 

released at time t = 0 and in the narrow x-axis region in the 
neighborhood of the point x = 0 uniformly over the cross sec- 
tion to the flow. The initial conditions for Eqs. 1 and 2 are 

t = 0 ,  c = -  M ' ( x ) ,  j = o  
A 

wheres(x) is a Dirac delta function. The corresponding ini- 
tial conditions for Eq. 3 are 

dc Mu M 
A d t  A 6' (X)  t = 0 ,  c = - 8 ( x ) ,  - = - -  

where the prime denotes the derivative. The solution of Eq. 3 
for an infinitely long domain is not equal to zero for u2t  I x 
I u,t, and can be written as 
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where I ,  and 1, are modified Bessel functions of zero and 
first order, and 

The obtained solution has two abrupt fronts at x = u, t  and 
x = u 2 t ,  where the concentration suddenly falls to zero. Using 
the asymptotic form for the modified Bessel functions for a 
sufficiently large time: 

and provided Ix - ut( e min[(u, - u>t, ( u  - u&], Eq. 17 de- 
velops into a Gaussian distribution of the concentration as a 
function of x with the mean ut and a variance 2D,t: 

(19) 

as is also given by the SDM for the initial condition c =  
(M/A)G(x) at t = O  and for the infinite region, where the 
effect of the boundaries is not significant. Thus the solution 
of the wave model coincides with the normal distribution only 
in the central part of the tracer cloud and only after a suffi- 
ciently long time. 

Input concentration specified as a function of time 
The next problem we wish to solve is the one where the 

concentration is specified as a function of time at some fixed 
point x = 0. Suppose that at the initial moment t = 0 the con- 
centration is zero everywhere along the x-axis and that solute 
of an amount M is introduced at point x = 0 during a suffi- 
ciently short period of time and uniformly over the cross sec- 
tion to the flow. The initial and boundary conditions in this 
case for Eqs. 1 and 2 are 

The corresponding initial and boundary conditions for Eq. 3 
are 

dc M u , + u 2 - u  
_ = - -  G ‘ ( t ) .  
dx Au ulu2  
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The solution of Eq. 3 for the problem is 

Equation 20, like Eq. 17, has the Gaussian asymptotic of Eq. 
19 at the central part of the concentration distribution at the 
same conditions as for Eq. 17. 

Equations 17 and 20 give similar concentration distribu- 
tions. The characteristic features of these distributions are 
two concentration spikes in the front of the cloud of material, 
which are remnants of the initial and boundary conditions, 
respectively. Spikes in the form of &functions are unrealistic, 
but one should realize that they are the direct consequence 
of the two-velocity character of the simplest version of the 
wave model being considered. The positions of the spike and 
the quantities of substance in them correspond qualitatively 
to the double-peaked structure of known experimental re- 
sults and numerical solutions for a short time (see Smith, 
1981; Wang and Stewart, 1983, 1989; Korenaga et al., 1989; 
Takahashi et al., 1990). These concentration spikes were ob- 
served only at an early stage compared to the relaxation time 
of the dispersion. At a later stage in the dispersion process 
the amount of substance in the spikes becomes relatively 
small. 

The obtained solutions give the residence time distribu- 
tions of tracer for two different inputs that coincide after a 
sufficiently long time, but differ for short periods. The con- 
sidered tracer inputs differ in the distribution of the amount 
of the substance introduced over the cross section or over the 
longitudinal velocity. In the first case, the distribution of a 
tracer over the cross section of the flow is uniform. In the 
second case, the tracer is injected in such a way that the 
amount introduced at some position is proportional to the 
velocity in this point, so the residence time distribution of 
tracer, Eq. 20, corresponds to the residence time distribution 
of the fluid elements. It is easy to prove that Eq. 20 predicts 
the conversion in a reactor with a first-order chemical reac- 
tion in a steady-state operation: the solution of Eq. 6 for a 
uniform input-Eq. 11 at P = 1-in dimensional form is 
equal to 

where E(x, t )  is the function determined by Eq. 20 at the 
coordinate x = L ,  that is, it is related to the residence time 
distribution of the fluid elements via a Laplace transform. 
The preceding result shows that the relation between the res- 
idence time distribution and conversion, which is well known 
for the SDM (see Westerterp et al., 19871, is also valid for 
the wave model, although with additional restrictions on ma- 
terial inputs. 

Consideration of pulse-propagation problems on the basis 
of the wave model avoids the conceptual difficulties associ- 
ated with material flow through “open” boundaries as we ob- 
serve for the SDM (see Nauman, 1981 and Westerterp et al., 
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1987). The treatment of problems with initial and boundary 
conditions on the basis of the wave model differs only slightly 
from the treatment of limiting problems without boundary 
conditions, whereas consideration of the boundary conditions 
for a Fickian dispersion model makes the solution of the 
equations very difficult (see Novy et al., 1990). 

Spatial and Temporal Moments 
After the pioneering work of Aris (1956) the description of 

the distribution of a solute in terms of the moments of the 
concentration distribution has been widely used for the math- 
ematical description of dispersion processes, since the mo- 
ments of a cloud of solute are easier to calculate than the 
concentration distribution itself. Also knowledge of the first 
two or three moments of the concentration distribution gives 
much information about the concentration distribution itself 
(see Brenner, 1980, 1982; Brenner and Edwards, 1993). Mod- 
els often are also compared by means of calculating the spa- 
tial-at a fixed moment of time-and the temporal-at a 
fixed coordinate location-moments of the concentration of 
an injected solute. 

The spatial and temporal moments can easily be calculated 
by means of the proposed wave model by standard methods 
when the distribution of the Concentration c at time t = 0 or 
at longitudinal position x = 0 is known. As an example, spa- 
tial moments of concentration around the mean are intro- 
duced: 

lr, ( x  - X)" cdw 
; n = 2 , 3 ,  . . .  ( 2 1 )  

I72 
Fw = 

where 

The expressions for the first three moments are given below 
for the case of an arbitrary concentration distribution at f = 0 
and a finite mass of solute: 

where 5 = t/T and p,,,,, and A, are the initial values of the 
concentration and dispersion flux moments in a coordinate 
system chosen such that 2 = 0 at t = 0: 

n = 0 ,  1 , 2 , .  . . . (26 )  

After a small time t just after injection or 5 << I ,  the mo- 
ments are 

and asymptotic values of moments after a very largc time or 
5 >> 1 are 

The mean and variance in Eq. 30 do not depend on the relax- 
ation time, the parameter of velocity asymmetry, and the ini- 
tial value of the dispersion flux; they are the same as pre- 
dicted by the SDM. When the injected solute is initially uni- 
form over the cross section to the flow, then j l n ( x )  = 0, A,, = 0 
for n = 0, 1, 2, . . . and the expressions for the moments are 
essentially simplified: 

The equations for the moments with respect to the coordi- 
nate x were first formulated by Aris (19561, who also found 
the asymptotic behavior of the second moment around the 
mean. After Aris this problem was investigated by Chatwin 
(1070). The most general results were obtained by Barton 
(1983), who derived the second and third moments for arbi- 
trary values of time. The calculations of Barton for the third 
moment are restricted to the case where solute is injected 
initially uniformly over the cross section. Equation 25 gives 
the approximate value of the third moment for an arbitrary 
initial concentration. Using the expressions for De, 7, and u,  
obtained in the previous paper (see Westerterp et al., 19951, 
it can be easily shown that Eqs. 30 coincide with the asymp- 
totic expressions of the first three moments obtained by Bar- 
ton (1983). At small and moderate values of time, Eqs. 23, 24, 
and 25 have the same qualitative structure as the exact equa- 
tions. Note that application of the SDM for calculating spa- 
tial moments gives p2 = 2Det and p3 = 0 for all moments of 
time. 

It is interesting to note that Taylor (19211, in a classic pa- 
per on turbulent diffusion, written long before his 1953 pa- 
pers on axial dispersion, found the law of dispersion of the 
form of Eq. 31 for p2. 

The temporal or time moments of concentration at some 
point x also can be calculated easily from the wave model for 
different initial and boundary conditions. As an example the 

AIChE Journal 2034 September 1995 Vol. 41, No. 9 



mean residence time and the variance at point x for a tracer 
input uniform over cross section are 

- x D,(l-e-*C) 
t = - +  (32) 

U U 2  

where u,f is the value of the variance at point x = O ;  fur- 
ther, 5 = X/(UT) and A = (1 + u; - D:)-'. The mean resi- 
dence time and variance in Eqs. 32 and 33 are determined by 
standard equations: 

M P  Lx tc dt 
t=------' , UI2 = ; m=-=/o  c d t ,  

m m A 
M P  Lx tc dt 

t=------' , UI2 = ; m=-=/o  c d t ,  
m m A 

(34) 

and the origin on the x-axis is chosen such that i = 0 at x = 0. 
At a sufficiently long distance from the point x = 0 or f s 1 
the mean residence time and variance approach those for the 
SDM: 

In the opposite limiting case of 5 << 1, we have 

The values obtained here differ essentially from those of the 
standard dispersion model. 

Axial Mixing in a Rotating Disk Contactor 
More than thirty years ago Westerterp and Landsman 

(1962) and Westerterp and Meyberg (1962) investigated the 
axial mixing in a rotating disk contactor for homogeneous liq- 
uid-phase operation. The rotating disk contactor (see Figure 
2 )  is a column that is divided by equally spaced stator rings 
into a number of compartments. Half-way in the stator rings 
a number of disk rotors are mounted on a shaft, the diameter 
of the rotors being smaller than the inner diameter of the 
stator rings. Experimental results have been interpreted by 
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Figure 2. Rotating disk contactor. 

means of a diffusion model. The axial dispersion coefficient 
was found from the response at the outlet of the column to a 
stepwise change in the inlet concentration of a tracer; this 
axial dispersion coefficient was called the apparent axial dif- 
fusivity D, (see Westerterp and Landsman, 1962). The appar- 
ent axial diffusivity could be considered to be the sum of a 
flow contribution and a rotational contribution: 

1 1 

2 2 D, = - Hu + 13.10-3- Hnd, m2/s (35) 

where H is the height of a compartment in m, u is the aver- 
age liquid velocity in m/s, n is the rotational speed in s- ' ,  
and d the diameter of rotor in m. Also the true backmixing 
was measured under steady-state conditions, and the corre- 
sponding axial dispersion coefficient was called the backmix- 
ing coefficient, D,  (see Westerterp and Meyberg, 1962). The 
backmixing coefficient appeared to be equal to that part of 
the apparent axial diffusivity in Eq. 35 that is caused by the 
stirring, being D, = const X Hnd. The results of these two in- 
vestigations cannot be reconciled by the SDM, since the axial 
dispersion coefficient depends on the experimental method. 
The same problem is known for dispersion in estuaries, where 
the apparent dispersion coefficient is a few times higher than 
the backmixing coefficient (see Fischer et al., 1979). There- 
fore we will interpret these experiments again by means of 
the wave model. 

First let us consider the steady-state backmixing experi- 
ments. We are interested in the mixing in the central part of 
the column, where over a compartment averaged velocity re- 
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mains constant along the column; therefore we can apply Eq. 
3 €or the steady state and with q = 0: 

If the tracer is injected at the plane x = 0 in the upper part 
of the column into the upward flowing fluid stream under 
steady-state conditions, some tracer will be found in the fluid 
upstream of the injection point at the locations with x < 0. 
This transport against the main flow of the fluid is causcd by 
the fluid backflow caused by the stirring. The existence of a 
backflow in terms of the wave model means that the velocity 
of one of the waves, as well as the value of ru2 + ruu, - De, 
is negative in contrast to the case of unidirectional flow. This 
means that the boundary conditions for the central part of 
the column should be specified at both ends. For a suffi- 
ciently long column, as was used by Westerterp and Meyberg 
(19621, the boundary conditions are: 

x = o ,  c=c,; x + - m ,  C + O .  

The solution of Eq. 36 using these boundary conditions is 

(37) 

whereas the solution of the SDM, used by Westerterp and 
Meyberg is 

C ux 
- - a P (  co u,) (38) 

Equations 37 and 38 show that the backmixing coefficient D, 
measured by Westerterp and Meyberg is equal to D, - r u 2  - 

Let us now suppose that the relaxation time T is much 
smaller than the mean residence time in the column. In that 
case the apparent axial diffusivity Da, measured by Wester- 
terp and Landsman (19621, is the axial dispersion coefficient 
of the wave model, 0,. Thus for the difference of the appar- 
ent diffusivity 0, and the backmixing coefficient D,  we can 
write 

TUU,. 

L 

In the case of no net flow through the column, the rotating 
elements create an approximately symmetrical velocity distri- 
bution with respect to the cross section of the column. We 
can also expect that for low average velocities u used in ex- 
periments-relative to the velocities created by rotating disks 
-the violation of the symmetry of the tracer propagation in 
both the upflow and downflow directions is insignificant. In 
that case, u ,  -c u and Eq. 39 gives the physically reasonable 
estimate of the relaxation time T = (1/2)H/u. The number of 
compartments in the column was N = 24. Therefore the re- 
laxation time obtained is much lower than the mean resi- 
dence time t = NH/u-as was supposed earlier-and the ap- 

parent diffusivity measured by Westerterp and Landsman 
(1962) is actually the axial dispersion coefficient of the wave 
model. 

Flow reversal 
An interesting effect was observed when the flow direction 

was reversed during a dispersion experiment. Such an investi- 
gation in a two-dimensional model of a packing of spheres 
was made by Hiby (1963); measurements in naturally occur- 
ring porous media have also been reported by Jasti and Fogler 
(I  992). The spread in the spatial distribution narrows initially 
during a certain period of time after the flow direction has 
been reversed (see Figure 1 of Jasti and Fogler, 1992). The 
standard deviation of the tracer signal decreases upon flow 
reversal, whereas the local concentration of the tracer in- 
creases. The tracer again undergoes the typical dilution 
process after this initial period has passed. This example can 
be used to demonstrate the essential differences between the 
SDM and the wave model; it also helps to explain the essen- 
tial properties of the wave model. 

The equation describing the tracer distribution before the 
reversal of the flow direction is 

d % ,  d % ,  d2C,  
- + (224 + u,) - + ( u2 + uu, - D J T )  7 

d t 2  d x d t  dX 

For simplicity we assume that initially the tracer was uni- 
formly distributed over the cross section of the flow and is 
concentrated in a narrow region of the x-axis. In this case, 
j = 0 at t = 0, and the initial conditions for Eq. 40 are 

At the moment, t,, the flow direction is reversed, the signs of 
u and u ,  change, and the governing equation transforms into: 

d%, d2C2 d2C,  
(2u + ua)---- +(u2 + uu, - DJT)? _ _ _  

at2 d x d t  dX 

To specify the initial conditions for Eq. 42, we can use the 
assumption-justified in particular for liquids-that the con- 
centration field does not change appreciably during the re- 
versing of the flow. This means that at t = t ,  the average 
concentration is a continuous function of time, that is, c, = c, ,  
whereas the dispersion flux changes in sign, j ,  = - j , .  The 
mass conservation equations for t I t ,  and for t 2 t ,  are 

dc, dc,  d j ,  
~ + u - +  - = 0, 0 1  t I t ,  
at d x  dx 

dc, dc, aj, 
d t  dx  ax  

u-+-=o, t 2 t , .  - _  
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From these equations and the conditions just mentioned at 
t = t,, we find the initial conditions for Eq. 42: 

ac, ac,  
t = t , ,  c 2 = c 1 ,  -= - -  

a t  a t  (43) 

The determination of the spatial moments of the concentra- 
tion distribution from Eqs. 40 and 42 with the initial condi- 
tions Eqs. 41 and 43 is straightforward. Before the flow rever- 
sal, the moments of the spatial distribution are determined 
by Eq. 31. After the reversal, the mean and variance are 

Dependence on the time of the variance of the spatial distri- 
bution of the tracer is shown in Figure 3 for different revers- 
ing times tR. The calculated results coincide qualitatively with 
those obtained experimentally by Jasti and Fogler (1992). A 
quantitative agreement between theory and the experiments 
of Jasti and Fogler can be obtained by the choice of parame- 
ters D, and r .  Note that according to the SDM g: = 2D,t, 
so the flow reversal does not influence the dependence of the 
variance on time. 

The phenomenon considered is referred to as “unmixing” 
(see Jasti and Fogler, 1992). The physical reason for this phe- 
nomenon is known and easy to understand (see Hiby, 1963). 
After reversal, the concentration profile has to change, but a 
time of approximately r is required before the concentration 
profile can completely adapt itself to the new velocity profile; 
immediately after reversing, the tracer molecules seem to re- 
trace their flow paths and, as a consequence, the tracer pulse 
undergoes a concentrating process. The wave model is capa- 
ble of describing this phenomenon, whereas the SDM is not. 

From Eq. 45 we find that the spatial distribution narrows 
after reversing the flow during a period of time A t :  

n 

(46) A t  = In (2 e ‘ R h  - 3 1 - t ,  

and that the maximum decrease of the variance is 

. (47) 1 
If flow reversal occurs at moments of time much smaller than 
the relaxation time or t ,  -=K T ,  we find 

A t  = t , ,  

In the opposite case of t ,  >> r ,  then 

A t  = r ln2, ha<,,, = 2(1 -1n2)0 ,~ .  (49) 

The results for t R  << r show that a purely convective, com- 
pletely reversible contraction of the concentration cloud oc- 
curs after flow reversal during a period of time of the order 
of t ,  (see Hiby, 1962). 

Discussion 
The use of hyperbolic-type equations for the description of 

different heat and mass dispersion phenomena was suggested 
a long time ago (see Stewart, 1965; Thacker, 1976; Maron, 
1978; Smith, 1981). Such models did not receive much atten- 
tion, however, probably because we are not accustomed to 
hyperbolic-type equations for dispersion processes. But phys- 
ical considerations require that there should be finite velocity 
limits that are not exceeded by any fluid element, provided 
molecular diffusion is neglected. For this reason, from the 
physical point of view relaxation-type equations for disper- 
sion fluxes should be preferred over Fickian-type dispersion 

Figure 3. Effect of flow reversal on the variance of the tracer spatial distribution as calculated with the wave model 
(---) and the standard dispersion model (-). 
(a)t,/r = 0.1; (b) t,/r = 1.0; (c)tr/r = 5.0. 
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equations. Moreover, almost all fields of science or engineer- 
ing involve some questions of wave motion. Wave equations 
are used in acoustics, elasticity, and electromagnetism, and 
their basic properties and solutions were first studied in these 
areas of classical physics (see Whitham, 1974). Therefore ap- 
plying the wave model to longitudinal dispersion does not 
create unresolved mathematical problems or unknown 
physics. 

The main practical advantages of the wave model 
Being physically more realistic than the SDM, the wave 

model is open to solutions for arbitrary linear problems. In 
contrast to the SDM, the mathematical complexity of the wave 
model does not depend essentially on the boundary and ini- 
tial conditions for Eqs. 1 and 2. An important aspect of Eqs. 
1 and 2 is that the boundary conditions-in contrast to those 
of the Fickian-type dispersion model-for unidirectional flow 
are set at the inlet only. This also gives rise to a considerable 
mathematical simplification of nonlinear problems as well as 
multicomponent and multivariable linear problems, where a 
numerical solution is necessary. Consequently, since it offers 
a more consistent physical picture than the Fickian disper- 
sion model, the present model has a considerable advantage 
in computational efforts. The mathematical solutions of the 
wave model are simpler or as simple as for the SDM. 

Physical contradictions in the SDM give rise to the prob- 
lem of boundary conditions. As a consequence, a multiplicity 
of different boundary conditions, such as different combina- 
tions of “open” and “closed” boundary conditions for reactor 
inlets and exits or for semiinfinite or infinite regions, and 
corresponding solutions occupy much of the literature over 
the past forty years (see Nauman, 1981 and Kreft and Zuber, 
1978). For some relatively simple problems the analytical so- 
lutions have not even been available until now (see Kreft and 
Zuber, 1978). Application of the wave model permits us to 
avoid the uncertainties in the boundary conditions and 
thereby essentially to reduce the number of possible variants 
of solutions. 

The wave model also has a wider region of validity. It is 
able to describe phenomena that cannot be explained in terms 
of the SDM. Dispersion during flow reversal and the differ- 
ence between apparent diffusivity for pulse propagation and 
backmixing under stationary conditions are examples of these 
phenomena. In addition, the wave model gives a qualitatively 
correct concentration distribution for arbitrary time moments 
for pulse propagations through a system; it also gives exact 
long-time asymptotic values of the first three spatial mo- 
ments of concentration for the case of Taylor dispersion and 
qualitatively correct steady-state concentration distributions 
for arbitrary chemical reaction rates. 

Physical meaning and experimental determination of the 
model parameters 

Model parameters have a clear physical sense. The disper- 
sion coefficient 0, has the same sense as in the SDM: it 
characterizes the dispersion flux or the increase of the vari- 
ance when the concentration distribution is close to equilib- 
rium. The relaxation time T can be considered to be a char- 
acteristic time, corresponding to the time of the mean free 
path of the diffusion process. After Taylor (1953) for Taylor 
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dispersion phenomena, the relaxation time is also known as 
the “time of decay” during which transverse variations of 
concentration are reduced to a fraction of their initial value 
through the action of transverse dispersion. For laminar flow 
through a tube of a radius a,  the relaxation time is T = u2/(15 
D), and the estimate of this time constant as u2/(3.8’ 0 )  by 
Taylor (1953) is very close to the one obtained in this work. 
The relaxation time characterizes the inertia of the disper- 
sion process or the rate of approaching equilibrium. The 
asymmetry parameter u, characterizes the asymmetry of the 
dispersion process (see Eq. 30); it is determined by the differ- 
ences in the positive and negative convective velocity profiles 
in a coordinate system moving with average velocity, and it is 
equal to the difference in the absolute values of the wave 
velocities in such a coordinate system. The importance of the 
model parameters for a quantitative treatment of chemical 
reactor problems will be considered in a subsequent article. 

The wave model permits simple analytical solutions for 
various linear problems. Some of them are presented in this 
work. The solutions can be used for determination of the pa- 
rameters of the model. The model parameters can be ob- 
tained by the standard experimental methods, which are used 
for the determination of longitudinal dispersion coefficients, 
in particular by the method of moments or the frequency re- 
sponse technique. The parameters of the model can be calcu- 
lated by comparing the time moments of responses measured 
at two or more points along an apparatus or two or more 
spatial moments. Equations 23 to 25, 32, and 33 and their 
asymptotic forms obtained show that the model parameters 
can be obtained through knowledge of the long-term and 
short-term behavior of the first and second axial or time mo- 
ments of the solute concentration fields. Two experimental 
studies-the change with time of the variance of a concentra- 
tion pulse when the flow direction is reversed, and the differ- 
ence in values of the apparent axial dispersion coefficient and 
the backmixing coefficient in a system with real backmixing 
-show how conveniently this new method of the wave model 
gives new possibilities for determining model parameters (see, 
e.g., Eqs. 46 to 49). 

Additional remarks on the waue model 
The preceding analysis shows that for slowly varying con- 

centration fields the wave model can be approximated by the 
SDM. The use of the wave model instead of the Fickian dis- 
persion model, however, is justified in all circumstances in- 
cluding slow processes, even if the parameters 7 and u, of 
the wave model are unknown. If somebody has some difficul- 
ties with the calculation or experimental determination of 
these parameters, he may put u, = 0 and T equal to the char- 
acteristic time scale that determines the applicability of the 
SDM. This recommendation permits the avoidance of physi- 
cal contradictions, the resolution of the problem of boundary 
conditions of the SDM, the acquisition of correct results for 
slow processes where the SDM is applicable, and the acquisi- 
tion of an approximate description of fast processes where 
the Fickian model gives absolutely incorrect results. 

Conclusion 
The preceding results provide support for the theory devel- 

oped by the authors and demonstrate the importance of ac- 
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counting for relaxation effects in longitudinal mixing in 
chemical reactors and contactors. Evidently, the wave model 
is physically more realistic than the conventional Fickian-type 
model. It has a much wider region of validity, and in most 
cases, is also more preferable from the mathematical point of 
view. 
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Notation 
A =cross-sectional area of the flow 
C =dimensionless area-averaged concentration, c/cc,, 
J =dimensionless dispersion flux, j / ( u c c , , )  
L =reactor length 
m = M/A 

P =dimensionless parameter, tCh/T 
q’ =derivative of the consumption rate over concentration, 

Q =dimensionless consumption rate of component per unit of 

p =2(u, - u ) ( u  - U,)U/(UI - 4 3  

W d c  

reactor volume, qtCh/cch 
i = mean residence time, Eq. 32 

u l , *  =characteristic or wave velocities in Eqs. 1 and 2, u + 
(u,/2)[1 k 4 G Z 5 7 i l  

u,  =parameter of velocity asymmetry 
u: =dimensionless parameter of velocity asymmetry, u a / u  
X = dimensionless longitudinal coordinate, x/ (u tCh)  

Y = 2 i P ,  P,?)l?)2)’fl 

Greek letters 
p, =parameter ( i  = 1, 2), Eq. 18 
7, =dimensionless variable ( i  = 1, 2), Eq. 18 
0 =dimensionless time, t/t,h 
A =dimensionless value of the inlet concentration gradient, 

pn =central spatial moment ( n  = 2, 3, . . .), Eq. 21 
Eq. 7 

Subscripts 
1, 2 =before and after reversal of the flow 

0 =inlet at x = 0 in the entering stream 
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